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Abstract 



Typically in a scheduling problem we are given jobs of different lengths Pj and different 

priority weights Wj, and need to schedule them on a single machine in order to minimize a 

specific cost function. In this paper we consider the non-linear objective function ^WjCj, 

where Cj is the completion time of job j and /3 > is some arbitrary real constant. Except 

ry\ for j3 — 1 the complexity status of this problem is open. Past research mainly focused on the 

Q quadratic case (/3 — 2) and proposed different techniques to speed up exact algorithms. This 

paper proposes new pruning rules and generalizations of existing rules to non-integral /?. An 
experimental study evaluates the impact of the proposed rules on the exact algorithm A*. 

^h 1 Introduction 

> 

In a scheduling problem the goal is to produce a schedule for the given jobs, that minimizes 
some objective function, usually depending on the job completion times, under problem specific 
constraints. One natural goal is to minimize the maximum completion time among all jobs, aka 
makespan. Another natural goal is to minimize the average completion time. A common way 
to combine these two objectives is to minimize the L^-norm of the completion times, for some 



2^ constant /3 > 1. As an example, the Tj^X-typesetting system uses the £3 metric to compute optimal 

__ line breaks. 

In this paper we consider the more general objective function yV - WjC? where Wj is the given 

. — priority weight of job j, Cj its completion time and j3 some fixed positive constant. For convenience 

^ we denote the penalty function / : t H> t 13 . We consider the most simple setting, where we are 

given n jobs, each job j has a processing time Pj and a priority weight Wj, and a schedule consists 
of an ordering of these jobs on a single machine. Here the completion time of job j is simply pj 
plus the sum of the processing times pi over all jobs that are scheduled before j. There are several 
motivations to this scheduling problem. Some machines have a learning effect, and their efficiency 
is increasing during the execution, while some other machines have a wear and tear effect and their 
efficiency is decreasing during the execution. This can be expressed with values of /3 respectively 
smaller or greater than one. Moreover in [131 [7] a particular dynamic voltage scheduling problem 
optimizing quality of service and energy consumption is reduced to this same objectif function for 
some < /3 < 1. 

Embarrassingly very little is known about the computational complexity of this problem, except 
for the special case /3 = 1, where scheduling jobs in order of decreasing Smith ratio Wj/pj leads 
to the optimal schedule, as has been found out 60 years ago [TU]- Most research focused on the 
quadratic objective function, i.e. for /? = 2, and exact algorithms have been proposed [51 131 151 121 IT2"] . 
For branch-and-bound algorithms pruning rules were proposed which reduce the number of 
nodes in the search graph, having a direct effect on the running time. For example, if we knew, 
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that without loss of generality in an optimal schedule, job i is never scheduled after job j, then we 
could eliminate roughly half of the potential orderings, and reduce the number of explored nodes. 
For example it is known that if pj > pi and Wj < Wi then an optimal schedule schedule would 
never schedule j before job i, which we denote by i ^ g j. 

So an extensive literature was devoted to finding stronger rules, which are weaker conditions 
on the job characteristics that would still imply i ^ g j. The contribution of our paper is to 
provide new rules and generalize existing rules to arbitrary values of j3 > 0. We conclude this 
paper with an experimental study of the impact of our proposed pruning rules to the performance 
of an exhaustive search procedure. 

2 Pruning rules 

We distinguish two kind of properties. 

• The local order property for jobs i and j, denoted by i -<e(t) 3\ IS defined as follows. For any 
problem instance / including jobs i,j, if in a schedule S for / job j starts at time t and is 
followed immediately by job i then S is not optimal. 

• The global order property between jobs i and j, denoted by i -< g [ a ,b] j, is defined as follows. 
For any problem instance / including jobs i,j, if in a schedule S for / we have a < Cj — Pj < 
C-i — Pi — Pj < b, then S is sub-optimal, no matter if i,j are adjacent or nolM 

We use the notation i -< g j as a shortcut for i -< g [o.oo) j- I n addition i -<t\ a M j means i -<t(t) j 
for all t £ [a, b], and i <i j stands for i ^£[o j0 o) j- 

The main result of our paper is that i -<i j implies i -< g j. Clearly the proof needs more 
ingredients than a simple exchange argument since swapping two non-adjacent jobs can increase 
the cost of the jobs in between. 

It was known for /3 = 2 that for any job pair i,j there is at most a single time t such that none 
°f * ~^l(t) J an d j ^e(t) i holds. For completeness we provide a proof for a more general statement 
in Lemma [l] For this particular timepoint t, exchanging i with j preserves the objective value 
in any schedule where j starts at time t and is immediately followed by job i. We call this case 
degenerate, and by breaking ties arbitrarily or by disturbing the processing times, we can assume 
for simplicity in this paper that degenerate cases do not happen. 

3 Related work 

Previous research focused mainly on the quadratic penalty function, i.e. for j3 — 2. Branch-and- 
bound approaches with pruning rules implying order properties have been proposed, see |12l [31 [51 
mOE]. I n 2000, Mondal and Sen [Sj conjectured that /3 = 2,Wi > Wj A Wi/pi > Wj/pj implies 
the global order property i -< g j, and provided experimental evidence that this constraint would 
significantly improve the runtime of a branch-and-prune search. Recently, Holm and Jacobs [S] 
succeeded to prove this conjecture. In addition they improved local and global order conditions 
and generalized them to integer constants j3 > 2. An extensive experimental study analyzed the 
effect of these rules to the performance of the branch-and-prune search. The main contribution of 
this paper is a proof of Mondal and Sen's conjecture in a larger setting. 
We distinguish the following known rules. 

Sen-Dileepan-Ruparel [9] for any (5 > 0, if Wi > Wj and Pi < Pj, then i -< g j- 

H6hn-Jacobs-l [5] for /3 £ N, j3 > 3, if Wi/pi > flwj/pj then i <i j. 

H6hn-Jacobs-2 [5j for j3 £ N, j3 > 3, if u>i > Wj and Wi/pi > Wj/pj then i <i j. 

Mondal-Sen-H6hn- Jacobs Conjectured in [S], proved in [5 . For j3 = 2 the previous rule is 
enforced by the stronger implication i -< g j ■ 



1 From the proof of Theorem 1 it will become clear why we require this lower bound on Cj 



4 Preliminaries 

We define the following functions on t > 

I{t + p l +v 3 )-f{t + v J ) 



/(<) 



/(t + Pi +Pj)-/(* + Pi) 



and 



Ay(t) = Wif(t + Pi) + Wjf(t+pi +p,j) - Wjf(t + pj) - w t f{t+pi +pj). 

Note that 4>ij(t) is well defined since by assumption / : t i->- t" is strictly increasing and the 
durations Pi,Pj are non-zero. With these notations in mind we get the following equivalences 



i -<t(t) J = <f>ij(t) < 



Ay(t) < 0. 



Note that by definition of (pij, the relation -<t(t) is transitive, as one would expect. It is this 
function faj that permits us to analyze algebraically the local order property. 

The next lemma shows a connection between the properties of function / and properties of 
function (j)^. We note that the particular form of / is needed, and just being monotone and convex 
is not sufficient for the claim, as shows the counter-example / : t H> max{£,£ 2 }. 

Lemma 1 Consider the penalty function f : t >— > tr . If < 0, ft ^ 1 and pi ^ pj then <fiij is 
strictly monotone, in particular: 

• If pi > pj and ft > 1, then <pij is strictly increasing. 

• If pi < pj and j3 > 1, then tfiij is strictly decreasing. 

• If pi > pj and j3 < 1, then tfiij is strictly decreasing. 

• If pi < pj and < 1, then 4hj is strictly increasing. 

Proof: See Figure fl] for an illustration of the claimed properties. Since </>ij(t) — l/(f>ji(t), it suffices 
to consider the case pi > pj. For convenience we denote t\ = t + pi + pj. 
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Figure 1: Examples of the function 4>ij(t) for /3 — 0.5 and /3 = 2, as well as for the cases p t > Pj 
and pi < pj . 



Fix an arbitrary t > 0. We will show that 



4>'iS) 



[/^l) - f(*+Pj)] [/(*!)-/(*+ Pi)] -[/^l)-f(*+ Pi)] [/(*i)-/(*+p 3 -)] 

lf(ti)-f(t + Pi )} 2 



>o. 



Since the denominator of this fraction is positive, we can focus on the numerator: 

lf(h) - f'it+pjWih) - f(t+ Pi )} - ifih) - /'(t+Pi)][/(*i) - f(t+ Pj )) 

= [/'(*l)/(*l) -f'(t + Pj)f(tl) -/'(*!)/(* + Pi) + f(t + Pj )f(t + Pi )] 
- [/'(*l)/(*l) - f'(t + Pi )f(h) - f\ti)f{t + Pj ) + .f (t + Pi )f{t + Pi )] 

= -f'(t+Pj)f(tl)-f(tl)f(t+p i ) + f(t+p j )f(t+Pi) 
+ f'(t + Pi)/(ti) + /'(il)/(t + ft) - /'(* + Pi)f(t + Pj ) 

=f'(t 1 )f(t+p j )-f , (t + p j )f(h) + f , (t+p i )f(t 1 )-f(t 1 )f(t+p i ) 
+ f'(t+Pj)f(t + Pi) - f'(t+Pi)f(t + Pj ). 

Up to factor /3 this is equivalent to 

(i + p j ) /3 -V- 1 ((i+ ft )-i) + (i+^)^-V- 1 (t-(t + p i )) 

+ (t + Pj ) fi - i (t + p l y- i ((t+ Pl ) - (t + Pj )) > o 

=(t+p j )e-HP- 1 p j + (t+p j f- 1 (t + Pi)P- 1 (p i -p j )>(t + Pi)e- 1 te- 1 p i 

^/p^i/it+p^ + (i- Pj / Pl )(i/tf- 1 > (l/it+p^y- 1 

Using a function /i:i4 (1/x) 13 ^ 1 we reformulate this inequality as 

{Pj/Pi)h(t + Pi) + (1 -pj/pi)h(t) > h{t+pj). 

Note that h is a strictly convex function for any x > and /3 > 1, which implies 

Xh(xi) + (1 - A)/j(a>2) > h(Xxi + (1 - A)x 2 ) 

for any A, < A < 1 

We choose A = Pj/pi, x\ = t + pi, X2 = t and obtain 

Axi + (1 - A)x 2 = (Pj/Pi)(t + Pi) + (l- Pj /pi)(t) 
= tpj I Pi +pj + i - tpj I pi 
= t+pj. 

In summary we obtain the inequalities 

(Pi/Pi)h(t + Pi) + {l-pj/pi)h{t) > h{( Pj /pi)(t + Pi) + (1-Pj/pO*) = h(t + Pj ). 

This completes the proof. □ 

Lemma 2 Consider the penalty function f : t n- t 13 . For any jobs i,j, we have lim^oo (f>ij(t) = 
Pi/Pj- 

Proof: We prove this claim using the generalized binomial theorem. Here (?) is defined for any 
real valued < f3 as (3 (f3 — 1) • • • (j3 — k + l)/k\. By definition its value is zero iff f3 is integral and 
< j3 < k — 1. Then we have 

{t+^+p-jf = (t+pjf + P{t + p ] f- l p l + Y J ( p ] \{t + p ] f- k {p l ) k . (i) 

k=2 ^ ' 



Therefore the limit can be expressed as 

(t+Pi+Pjf -{t+pjf 



lim <ftij(t) = lim 
lim 



(t+p J .)g+ / 8(t+p J .^-ip i +Er=2(g)(*+Pj) ff " fc (Pi) fc -(*+Pj)^ 

(t+ Pl y + P(t+ Pl )p- l p J + j:Z2tt)(t+p*) p - k (Pi) k -(t+p*) fl 



£— foo 



j. /3(i + P J -A)^ 1 Pi + sr=2(g)^(i+PjA)^ fc (Pi) fc 

pj_ 

Pi' 



n 



5 Main Results 

In [5] it has been shown that if job j has both longer processing time than j and smaller weight 
than i, then i -< fl j, whereas in [SI E] some conditions on job pairs that imply the global order 
property for the quadratic penalty function / : t h-> t 2 were given. We enforce theses statements 
using the function cf>ij and for penalty functions which are not necessarily of the form / : t h-> v ■ 

Theorem 1 Let j be an arbitrary strictly increasing penalty junction. Fix two jobs i, j , an interval 
[a, b] and suppose i -<i[ a ,b] 3- V Pi < Pj or w i < w j then i <g[a,b] 3- 

Proof: Suppose that pi < pj or Wi < Wj. Let / be an instance containing jobs i,j and S a 
schedule on / of the form 

S = AjBiD, 

for some job sequences A, B, D and a < Cj —pj < Ci — Pi — Pj < b where Cj, Cj are the respective 
completion times in 5*. We have to prove that S is suboptimal. To this end we consider three 
other schedules AijBD, AjiBD and AiBjD. 

Denote by F{S) the cost of schedule S, where S is a sequence of jobs. First we show that 

max faty) [F{AijBD) - F(AiBjD)} > F(AjiBD) - F {AjBiD). (2) 

t£[a,b] 

For every job k € B we denote by tk the completion time of k in the schedule ABijD. In (pi) we 
distinguish the contributions of jobs i,j and all jobs k £ B. In particular for every job in B we 
have 

max 4>ij{t)wk [f{tk +Pi +Pj) - f{tk +Pi)} > Wk [f{h +Pi +Pj) - f{tk +Pj)\ (3) 

t£L[a,b] 

since 

<j>ij{tk)wk [f{tk +Pi+Pj) - f{tk +Pi)] = w k [f{h +Pi +Pj) - f{h +Pj)} ■ 

We denote by ps the total processing time over all jobs in B. Then since /(Cj — p B ) < f(Ci) and 
since max tE Lu <j>ij{t) < uii/wj we have 

max <^{t)wi {f (C z - PB ) - f{d)] > — - Wj [f{d - p B ) - /(C,)] . (4) 

t£[a,b] Wj 

Adding (|3| and Q establishes the required inequality ^. 

Now for a proof by contradiction, assume that S is optimal. This means that the right hand 
side of ^ is non-negative and therefore the left hand side is positive. Fix an arbitrary t € [a,b]. 



Note that 4>ij(t) < 1 if p$ < pj by definition of <f>ij and strict monotonicity of /. Also we have 
4>ij{t) < 1 if Wi < Wj by case assumption i -<^r a w j. 
This implies by Q 

F(AijBD) - F(AiBjD) > F(AjiBD) - F(AjBiD), 

or equivalcntly 

F{AjBiD) - F{AiBjD) > F{AjiBD) - F{AijBD). (5) 

Optimality of S 1 implies that the left hand side is non-negative and therefore the right hand side 
of (p)]) is negative. This contradicts the assumed locality property. □ 

Theorem 2 Let f be an arbitrary strictly increasing penalty function, which is either convex or 
concave. Then for all jobs i,j, i -<n j and w^jpi > Wj/pj implies i -< g j. 

Proof: Let i, j be two jobs with i -<g j and Wijpi > Wj/pj. By the previous theorem, we can safely 
focus on the case pi > pj . 

We will show that for every job sequences A,B,D the schedule AjBiD is suboptimal. The 
proof is by induction on the number of jobs in B. The basis case B = follows simply by the 
assumption i -<£ j. 

For the induction step we assume that for some job sequences B, D we have that for every job 
sequence A, the schedule AjBiD is suboptimal. The reminder of the proof considers two cases. 

Case / is convex: We will show that for every job k and job sequence A the schedule AjkBiD 
is suboptimal as well. To this end assume F(AjkBiD) < F(AkjBiD) and consider the following 
equation, 

F(AjkBiD) - F(AikBjD) = F(AjkBiD) - F(AkjBiD) 

+ F(AkjBiD) - F(AkiBjD) 
+ F(AkiBjD) - F(AikBjD). 

Since by case assumption F(AkjBiD) > F(AkiBjD), to conclude the proof it suffices to show 

F(AjkBiD) - F{AkjBiD) + F(AkiBjD) - F(AikBjD) 

is positive. Let t be the total processing time of all jobs in A. Then the later expression can be 
restated as 

Wi(f{t+Pk -Pi) - f(t+Pi)) 

+ w j (f{t + p j )-f(t + p k +p j )) 

+ Wk(f(t+Pj +Pk) - f(t + Pi+Pk)) 

= Wi4>ki(t){f(t+Pi+Pk)- f(t+Pk)) 

-Wj<f> k j(t)(f(t+Pj +p k ) - f(t + Pk)) 
+ W k (f(t+Pj +Pk) - f(t + Pi+Pk)) 
= (Wi4>ki(t) -w k ){f{t+pi +p k ) - f(t+Pk)) 
- (Wj(pkj(t) -Wk)(f{t + Pj +Pk) - f{t + p k )). 

Since / is increasing and pi > pj we have 

f(t + Pi + p k ) - f(t + Pk) > fit + p 3 + p k ) - f(t + p k ). 

Therefore it suffices to show 

Wi(t>ki{t) -Wk > Wj4>kj{t) - w k > 0. 



The later inequality follows by the assumption F(AjkBiD) < F(AkjBiD). To establish the 
former inequality we consider the following function 

f(t+p k + x)-f{t + x) 
a : X !-*■ x- 



f(t + p k +x)-f(t + pk)' 
and claim that it is increasing with x. On one hand the fraction 

x 



f(t+p k + x)-f(t + p k ) 

represents the slope between the points on the function / evaluated at t + pk and t + pk + x, and 
this slope is increasing with x by convexity of /. On the other hand f(t + pk + x) — f(t + x) is 
also increasing with x again by convexity. To conclude we observe that 

in ■ IV ' VU ' 

Wj(j>kj(t) = —g(pj) < —g{pj) < —g{pi) = Wi<j> k i{t), 

Pj Pi Pi 

where the inequalities used all assumptions on jobs i, j. 

Case / is concave: We will show that for every job k and job sequence A the schedule AjBkiD 
is suboptimal as well. To this end assume F(AjBkiD) < F(AjBikD) and consider the following 
equation, 

F(AjBkiD) - F(AiBkjD) = F(AjBkiD) - F(AjBikD) 

+ F(AjBikD) - F(AiBjkD) 
+ F(AiBjkD) - F(AiBkjD). 

By the assumption above it suffices to show that 

F(AjBkiD) - F(AjBikD) + F(AiBjkD) - F(AiBkjD) 

is positive. Let t be the total processing time of all jobs in A and B, and for convenience let be 
<i = t + pi + pj + pk- Similar to the previous case we rewrite the expression above as 

Wi{f{tl)-f{t + Pj+Pi)) 
+ Wj{f{t+Pi+p k )-f(tl)) 
+ w k {{I{t + p +p k ) - f(t+Pi+Pk)) 
= Wi<t>ik(t + Pj)(f(tl) -t(t+Pj +Pk)) 

- Wj(j>jk{t + Pi)(f(ti) - f(t + Pi +Pk)) 
-Wk{f{h) - f(t + Pi +Pk)) 

+ w k {f(t 1 )-f(t + p j +pk)) 
= {wi<f>ik{t + Pj) -w k )(f(h) - f(t + Pj +Pk)) 

- {Wj(j)jk{t + Pi) - Wk)(f(tl) - f(t + Pi +Pk))- 

By monotonicity of / it suffices to show that 

Wi<j)ik{t + Pj) > Wj(pjk(t+Pi). 

To this end we define again a function 

j^-fit + pi+pj) 



g : x h- > x- 



f(h) - m - x) 



This function is increasing with x, because the fraction x/(f(ti) — f(ti — x)) describes the slope 
of the line going through the points of / evaluated at t\ and t\ — x, and by concavity of /, this 
slope is increasing with x. Therefore we have the following inequalities 

VU ' VU ' VU ' 

Wi4> lk {t + Pj) = —g{pi) > —g(pj) > —g{Pj) = Wj<p jk (t + pi). 
Pi Pi Pj 



This concludes the proof 

a 

The previous statements permit us to enumerate some conditions on job pairs which imply 
either a local or a global order property. 

Corollary 1 Consider the penalty function f : t i-> t@ , for j3 > 0. Let i,j be two jobs, with 
Pi > Pj ■ 

ifwi/pi > Wj/pj then i ^ g j 

if <f>ij(Q) > Wi/wj then j ^ g i 

else 3t* : Wi/wj — 4>ij(t*) and i <e[o,t r ) j 

and j -< g [t*, oo) i 
if(3<l 

if <fiij(0) < Wi/uij then i -< g j 

ifm/Pi < Wj/Pj then j -< g i 

else 3t* : Wi/wj = <f>ij(t*) and i -Oo,t*) j 

and j ^£[ 4 - !00 ) i. 

Proof: The proof considers only the case (3 > 1, the other case is symmetric. By Lemma IT] tfiij is 
strictly increasing. Therefore 4>ij(0) > Wi/vjj implies 4>ij(t) > Wi/wj for all t > 0, that is j -<i i. 
Now with Theorem [T] we obtain j -< g i as required. 

For the case Wifpi > Wj/pj, by Lemma[l|we can use the following bounds for every t > 0, 

4>ij{t) <Pi/p 3 < Wi/Wj, 

which implies i -<e j. We now apply the Theorem [2] and obtain i -< g j as required. 

If none of the inequalities holds, by Lemma 111 and continuity of <fiij there must be a unique 
time t* such that 4>ij(t*) — Wi/uij. In addition we have i ^[o,t») j and j -<e(t',oo) *• Again we can 
apply Theorem fTI to conclude j ~< g (t*,oc) i- n 

The Figure [2] shows the contribution of our rules for a penalty function / : t H> t 13 . 

6 Experimental study 

We conclude this paper with an experimental study, evaluating the impact of the proposed rules 
on the performance of a search procedure. Following the approach described in [5], we consider 
the Algorithm A* [4 . The search space is the directed acyclic graph consisting of all subsets 
S C {1, ...,n}. Note that the potential search space has size 2™ which is already less than the 
space of the n! different schedules. In this graph for every vertex S there is an arc to S'\{j} for 
any j e S. It is labeled with j, and has cost Wjt^ for t = YliesPi- Every directed path from the 
root {1, . . . , n} to {} corresponds to a schedule of an objective value being the total arc cost. 

So the goal is to compute the minimum distance between these two vertices. We use the 
algorithm A* for this, which explores the graph using a priority queue containing arcs pointing 
to vertices still to be visited. An arc (S", S) has a weight corresponding to the distance from the 
root to S through this arc plus a basic lower bound of the optimum cost of scheduling 5, which 
we choose to be simply Xligs w iPi ■ 

Pruning is done when constructing the list of outgoing arcs at some vertex S. Potentially every 
job i <E S can generate an arc, but ordering constraints might prevent that. Let j be the label of 
the arc leading to S (assuming S is not the root). Let t\ = J2kesP k - N° w if J ^£( tl - Pi ) i, then no 
arc is generated for job i £ S. The same thing happens when there is a job k € S with i ^^[0,^] k. 
In a search tree such a pruning would cut the whole subtree attached to that arc, but in a directed 
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Figure 2: Job j compared to a fixed job i. Labels of particular functions: (a) Wj = pjWi/pi, (b) 
w,j = Wi((pi +P]) 13 -Pi)/{{pi +PjY -pf). (c) Wj ^p J w l /2p l and (d) Wj = 2p j w l /p i . 



acyclic graph the improvement is not so dramatic, as the typical indegree of a vertex is linear in 
n. 

A simple additional pruning is done when remaining jobs to be scheduled form a trivial subin- 
stance. By this we mean that all pairs of jobs i,j from this subinstance are comparable with the 
order -<£[o t ti]- In that case the local order is actually a total order, which describes in a simple 
manner the optimal schedule for this subinstance. In that case we simply generate a single path 
from the node S to the target vertex {1, . . . , n}. 

We consider two variants of the above mentioned algorithm. In the forward approach, a partial 
schedule describes a prefix of some length t of a complete schedule and is extended to its right 
along an edge of the search tree, and in this variant the basic lower bound is X)ie5 w i{t +P») • In 
contrast in the backward approach, a partial schedule S describes a suffix of a complete schedule 
and is extended to its left. Kaindl, Kainz and Radda [6j show experimental evidence that the 
backward variant generates for some problems less nodes in the search tree, and this fact has also 
been observed by Hohn and Jacobs [IT. Our own experiments, show that the backward variant 
shows some advantage over the forward variant, only for large values of a. However when including 
to the search the rules from this paper the forward variant is better. 

Hohn and Jacobs observe that the case when none of the known ordering rules applies to a pair 
of jobs, is precisely when they have similar but different Smith ratios [5]. Therefore they propose 
to generate instances with a parameter a € [0, 1], regulating the expected similarity of the ratios. 
Their model is as follows. Every job is generated independently. The processing time pi of a job 
i is uniformly generated between 1 and 100, and its weight is generated according to pi/3 N (° , ' J >, 
where N is the normal distribution. So instances become hard to solve not only when the number 
of jobs is big, but also when a is close to 0. 

We generated instances according to this model, and compared the average number of nodes 
generated with and without our rules. For /3 = 2 we compare our performance with the Mondal- 
Sen-H6hn- Jacobs rule, while for other values of /3 we compare with the Sen-Dileepan-Ruparel rule. 
As a representative of values smaller and respectively greater than 1, we choose /3 = 0.5 and /3 = 3 
for the experiments. 



We generated 1000 instances with 20 jobs for different values of a. A timeout was set, ignoring 
instances that needed more than a million nodes for the resolution. This never happened when 
using the new rules, however without them this happened for 70% of the instances for a = 0.1, 
for 20% of the instances for a = 0.2 and almost never for larger values of a. 

Over all instances where this timeout was not reached, we averaged the number of nodes 
explored by the algorithm when not using the new rules and compared it to the average number 
obtained when using the new rules. This improvement factors are depicted in Figure [3j 



number of nodes 



improvement factor 




Figure 3: Performance measurements as a function of parameter a. 

In Figure HI are showed the performance measurements as a function of j3. Every point corre- 
sponds to the average number of nodes over 100 random instances with a = 0.3 and 60 jobs. We 
can observe that the problem becomes easier when (3 approaches 1, which is the unique variant of 
this problem for which a polynomial time algorithm is known. 

The implementation was written in C-\ — h, single threaded, compiled with gnu C-\ — h, and ex- 
ecuted on a GNU/Linux PC with an Intel Core2 Duo processor running at at 2.4 GHz and 1Gb 
RAM. The running time was 8 seconds for the exploration of a million nodes on a 20 job instance. 
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Figure 4: Performance measurements as a function of (3. 



7 Final remarks 

We prove that the relation i ^g j implies the stronger relation i ^ g j for all penalty functions of 
the form / it i-» t°. However for interval restricted order properties this implication does not hold. 
A counter example for j3 — 2 consists of 3 jobs p, = 13, Wi = 7,Pj = 8,Wj — 5,pk = 1, Wk = 1, 
and where i -K^ro,i] j but the optimal solution is the sequence jki. In this case, t* = 19/18 and 
the order relation are i -<m,t*) j an d i -< g tt*,oo) j 

We would like to thank anonymous referees for remarks on an earlier version of this paper. 
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